We investigate the orbital fluctuations in the ferromagnetic-metallic phase of 
I. INTRODUCTION
The vigorous competition among the multiplicity of phases resulting from the interactions of spin, charge, orbital, and lattice degrees of freedom is central to the physics of manganites.
The interplay of various degrees of freedom leads not only to the complex phase diagram but also to the unusual transport properties, especially the colossal magnetoresistance (CMR) observed close to the ferromagnetic transition temperature.
1,2 The CMR effect has been linked to the nano-scale charge and orbital correlations 3 which persist even in the ferromagnetic metallic phase. 4 Furthermore, Raman scattering experiment displays a sharp increase of the dynamical charge and orbital correlations near but above the ferromagnetic transition as a function of temperature, which is similar to the steep change in resistivity profile accompanying the transition. 5 The short-range charge and orbital correlations are observed as diffuse peaks in the neutron scattering experiments 4, 6, 7 at wavevector (0.5π, 0.5π, 0), which is the same position where the super-lattice peaks are observed in the CE-type charge-orbital order. 8, 9 Such correlations, apart from playing a crucial role in the CMR effect, renders the ferromagnetic metallic phase disparate from an ideal ferromagnet. For instance, the spinwave measurements exhibit several anomalies including the softening near zone boundary in the Γ-X direction, 10, 11 wherein the role of orbital correlations has been emphasized with dominant contribution to the magnon self-energy coming from the orbital-fluctuation modes near the wavevector (0.5π, 0.5π, 0).
12,13
Layered La 2−2x Sr 1+2x Mn 2 O 7 belongs to the Ruddlesten-Popper series with n=2, where bilayers of MnO 6 octahedra are separated by (La, Sr) O. The transport and magnetic properties exhibit high anisotropy due to the tetragonal crystal structure while the reduced dimension further boosts the CMR effect as in the case of La 1.2 Sr 1.8 Mn 2 O 7 . The transition from paramagnetic insulating to ferromagnetic metallic phase with the in-plane Mn spins having a saturation moment ≈ 3 µ B /Mn appears at ≈ 120K, although the ferromagnetic phase displays a large resistivity in contrast with a normal metal.
14,15
Recent angle resolved photoemission spectroscopy (ARPES) measurements on the Fermi surface of layered manganites have provided crucial insight into the formation of both longrange and nano-scale charge-orbital structures. [16] [17] [18] Low temperature ARPES data on the ferromagnetic-metallic La 1.2 Sr 1.8 Mn 2 O 7 consists of multiple Fermi surfaces, a square-like electron pocket around the Γ point and two hole pockets around the M point corresponding to the bonding and antibonding bands due to the bilayer lattice structure. 19, 20 Based on the shape of the Fermi surfaces, the nesting between the Fermi surfaces has been suggested to be responsible for the formation of short-range charge/orbital correlations. This is indeed also supported by the ARPES experiments which found pseudo-gap for the Fermi surface.
16,17
On the other hand, quasi-particle peaks observed in several experiments subsequently [19] [20] [21] has been attributed to the intergrowth present in the experimental samples by a recent scanning tunneling microscopy (STM) combined with ARPES, thus reaffirming the pseudogap structure associated with the Fermi surface.
22
The persistent CE-type dynamical short-range charge-orbital correlations in the ferromagnetic metallic phase at x = 0.4, apart from being responsible for the pseudo-gap structure in the Fermi surface, yields a strong renormalization of phonons near the wavevector (0.5π, 0.5π, 0) observed in the inelastic neutron scattering, 4 which is believed to be resulting from the strong Fermi surface nesting in the ferromangetic metallic state. As the hole pocket corresponding to the bonding portion of the Fermi surface has nearly straight segments in comparison to the antibonding portions, bonding-bonding nesting has been suggested 16, 23 to be responsible for the nano-scale charge-orbital correlations in the ferromagnetic metallic phase. However, there is an apparent discrepancy in the magnitude of the nesting wavevector ≈ (0.6π, 0.6π, 0) for the portions of bonding band and the wavevector (0.5π, 0.5π, 0)
for the diffuse peak in the neutron scattering experiments.
In this paper, we explore the orbital fluctuations in the ferromagnetic-metallic La 
Here, first term describes the nearest-neighbor electron transfer, where
) is the electron creation operator for the orbital d 
), whereτ z andτ x are the z-and x-components of Pauli matrices in the orbital space, respectively. We assume ω x = ω z for simplicity even though our system has tetragonal symmetry.
In the following, it is convenient to introduce the symmetric and antisymmetric operators for both the electron and phonon operators with respect to the mirror symmetry between two planes in the unit cell,
and
which leads to
Then, the orbital operators can be expressed using these symmetric and antisymmetric operators as
Therefore, the coupling term for the electron and the transverse phonon in the Hamilto-
and similarly the coupling term for the electron and the longitudinal phonon to
Using the symmetric and antisymmetric operators, the kinetic and CEF terms of Eq. (1) can be expressed in the block-diagonal form after the Fourier transformation as
where
.0 is a 2×2 matrix with all vanishing elements, andĤ ss(aa) (k) is a 2×2 matrix given bŷ
with µ as the chemical potential.τ 0 is the unit matrix in the orbital space. The coefficients of the unit and the Pauli matrices are given by ε s(a)
with
Here, ǫ
has negative (positive) sign in front of t ⊥ . Single electron Matsubara Green's function is described in the block-diagonal matrix form
and Fermionic Matsubara frequency ω n = (2n + 1)πT . Here, we note that there are two bands corresponding to each of the symmetric and antisymmetric Green's functions. corresponds to the e g electron density of 1 − x ≈ 0.54/Mn, inter-planar hopping controls the splitting of the hole pockets around X, and crystal-field parameter improves the nesting quality by straightening the hole pockets as shown in Fig. 1(a) . The electron pocket around the Γ point and two hole pockets around the M point with one having almost straight segments belonging to the lower of plane-symmetric bands (bonding band) are in good agreement with the ARPES measurements. 24 The electron pocket has predominantly spectively. The quality of nesting decreases from the bonding-bonding to the bondingantibonding case, and is the poorest for antibonding-antibonding nesting.
III. ORBITAL FLUCTUATION
To identify the important low energy orbital excitations in the ferromagnetic-metallic phase of the bilayer manganites with the spin degree of freedom already frozen, we investigate the orbital susceptibility of a bilayer lattice system with two orbitals at each site, which, in general, will be a 16×16 matrix as 16 different orbital operators can be defined due to the four different electron field operators corresponding to the orbital and planar degrees of freedom in a unit cell. But the relevant orbital susceptibility, which involves only the intralayer orbital operators, can be written in a 8×8 matrix form. A further simplification can be achieved by changing to a basis in the planar space, which involves orbital operators symmetric and antisymmetric with respect to the mirror symmetry between the two planes in a unit cell. The relevant orbital susceptibility reduces to two 4×4 matrices in this basis resulting from the fact that the correlation functions involving symmetric and antisymmetric orbital operators vanish identically by the symmetry of the bilayer Hamiltonian, and therefore can be defined as follows:
Here, ... denotes thermal average, T τ imaginary time ordering, and Ω n are the Bosonic 
respectively.
Expression for the relevant RPA-level orbital susceptibility is given by
After a unitary transformation, row and column labels appear in the order 11, 22, 12, and 
where χ 0;rs,uv as follows
, (19) where a νp i s are the unitary coefficients of the i-band to ν-orbital obtained from Eq. (13), and n(ξ) is the Fermi distribution function. Finally, the interaction matrix is given bŷ
where the parameter U has been used for the inter-orbital Coulomb interaction from now on. (Fig. 4) . Similarly, the longitudinal susceptibility χ zz (q) in the original basis is equal to the transverse susceptibility χ x ′ x ′ (q). Then, the fact that the longi- 
where We also find additional peaks in the the linewidth and dip in the self-energy for the low-momentum region. Already existing on either side of |q| ≈ 0.1π at the bare level, these peaks appear due to the saddle point behavior of
the denominator of the antisymmetric susceptibility for |q| ≥ 0.1π or |q| ≤ 0.1π, respectively. Saddle points lie near k = (−0.3π, ∓π) and (∓π, −0.3π) with maximum along k x and minimum along k y for E a − (k + q) − E s − (k), and near k = (0.3π, ∓π) and (∓π, 0.3π) with minimum along k x and maximum along k y for E
The movement in the opposite directions and enhancement of the peaks away from |q| ≈ 0.1π with increasing energy follows from the movement towards the saddle point which lies only slightly away from the Fermi surface in each case. The origin of these peak structures, therefore, is analogous to that of peak found in the density of states near the saddle point of the energy band in the momentum space. Thus, our study suggests additional peaks to be observed in the inelastic neutron scattering experiments in low-momentum region. 
